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ABSTRACT: We construct the Mellin representation of four point conformal correlation function with
external primary operators with arbitrary integer spacetime spins, and obtain a natural proposal for
spinning Mellin amplitudes. By restricting to the exchange of symmetric traceless primaries, we
generalize the Mellin transform for scalar case to introduce discrete Mellin variables for incorporating
spin degrees of freedom. Based on the structures about spinning three and four point Witten diagrams,
we also obtain a generalization of the Mack polynomial which can be regarded as a natural kinematical
polynomial basis for computing spinning Mellin amplitudes using different choices of interaction
vertices.
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1 Introduction
Recently, Mellin representation of conformal correlation functions, pioneered by Mack [1] and
further developed for their dual Witten diagrams by Penedones [2] (see also [3], [4]) has generated
significant amount of interests. In particular, their relatively simple structures have led to dramatic
simplification in conformal bootstrap analysis [5–7], enable the generalization to superconformal
theories [8–11], even improve the loop calculation in Anti-de Sitter space (AdS) [2, 12–16]. It is
well-known that scattering amplitudes become ill-defined in conformal field theories due to the lack
of asymptotic states, however we can still obtain so-called “Mellin amplitudes” from the Mellin rep-
resentation of conformal correlation functions, and for large-N CFTs possessing holographic duals,
these amplitude share many striking common features with the scattering amplitudes in AdS space.
We can view this alternative representation as an integral transform mapping n-point conformal corre-
lation functions of n(n−3)2 conformally invariant cross ratios into n-point Mellin amplitudes of
n(n−3)
2
Mandelstam-like variables1. Mellin amplitudes are meromorphic functions of these Mellin momenta,
whose singularities and residues encode respectively the spectrum of CFT operator dimensions and
1 More precisely, here we assume that n < d, where d is the number of Euclidean spacetime dimensions, when n ≥ d,
the count of independent cross ratios is changed as nd− (d+1)(d+2)
2
. In this paper we consider four point functions mainly,
and there are two independent cross ratios or Mellin variables in d ≥ 2 .
– 1 –
the OPE coefficients. At these poles, the Mellin amplitudes can factorize into lower point ones, pre-
cisely in accordance with the operator product expansion (OPE) of the conformal correlation functions
[17].
Moreover, there is a clear separation between the so-called "single" and "double trace" operators2
in the Mellin representation of conformal correlation functions, such that the poles within the Mellin
amplitudes only correspond to the single trace operators. While the singularities associated with the
double trace operators are encoded in a separate product of Γ-functions which can be regarded as
part of the transformation Mellin kernel. This separation of operator spectrum resembles large-N
expansion and is particularly useful for those CFTs with weakly coupled Anti-de Sitter (AdS) space
dual. In this note, we will focus mostly on the four point conformal correlation functions involving
both external scalar and spinning primary operators, their kinematical parts which can be fixed by
conformal symmetries, are known as conformal block/partial waves. Conformal partial waves are
mapped into the Mellin partial amplitudes via Mellin transformation, they account for most of the
complexities in the full amplitudes. While the remaining dynamical information, such as the spectrum
of operator dimensions and OPE coefficients, can be obtained from the corresponding Witten diagram
computations in AdS space, we often package these into so-called spectral function.
The four point scalar Mellin amplitude, as will be reviewed shortly in Section 2, can be derived
from a single four point Witten exchange diagram computation for each exchange channel, to de-
rive the Mellin amplitude involving external operators with spins however, few complications arise.
First there can be exchange primary operators transforming under different irreducible representations
of the spacetime rotation group, this is in contrast with the scalar case where we can only have the
symmetric traceless exchange. Moreover for each irreducible representation, there can be multiple
possible interaction vertices in AdS space, this is consistent with the fact that spinning conformal cor-
relation functions can be expanded into multiple independent spacetime tensor structures determined
by conformal symmetries.
In this note, we aim to make a modest step towards constructing the full spinning Mellin amplitudes,
our approach here is first restricting ourselves to only the exchange of symmetric traceless primary
operators, admittedly this restriction only yields partial contributions in general dimensions, however
this is actually sufficient to give the complete contributions in three dimensions3. The corresponding
AdS space three point interaction vertices for their dual tensor fields have been classified systemati-
cally in [19], [20]. The resultant spinning three point Witten diagrams, which are building blocks of
the four point exchange diagrams, can be expanded in terms of kinematical CFT tensor basis, their
dynamical expansion coefficients contain the singularities encoding the spectrum of double trace op-
erators. We review the relevant details in Section 3.1. Since the spinning Mellin amplitude should
2 Strictly speaking, the terminology of "single" or "double trace" operators only apply to large-N CFTs in the context of
AdS/CFT, we will refer to operators {O∆i} as the single trace which popularize the spectrum in the generalized free field
limit, while O∆1∂J(∂2)mO∆2 are referred as double trace operators. More generally, without involving the large-N limit,
these may be more appropriately referred as "single twist" or "double twist” operators.
3Recently there is an interesting work considering Mellin amplitude with external fermionic operators [18].
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only contain the singularities associated with the single trace operators, we will focus on the kinemat-
ical contributions, they are independent from the aforementioned vertex-basis dependent dynamical
factors which only affect the double trace operator spectrum.
Our main results are summarized in (3.20), (3.21) and (3.22), they can be regarded as the Mellin
representation of an interaction vertex choice-dependent contribution to the four point spinning cor-
relation function. In deriving these results, we extended the Symanzik star-formula using the formula
in Appendix of [21] and generalized the Mellin transform to include discrete Mellin variables in order
to incorporate the discrete spacetime spin degrees of freedom, and we proposed a natural general-
ization of Mack polynomial to express the resultant spinning Mellin amplitudes. While for general
dimensionality, these results represent only the partial contributions to the full spinning Mellin ampli-
tudes. However for three dimensions, only symmetric traceless exchanges are allowed, once the basis
for the interaction vertices is chosen, our results can be used to constructed the full spinning Mellin
amplitudes.
We relegate most of the computational details, some useful formulae and identities in few appen-
dices.
2 Scalar Mellin Amplitudes from Witten Diagrams
In this section, we will slightly generalize the derivation for the Mellin representation of four point
correlation of scalar primary operators, using the scalar Witten diagram approach given in [2–4],
closely related computations were also given in [1] and [22].
Let us first parameterize the four point scalar correlation function in (Euclidean) d-dimensional
conformal field theory (CFT) into conformal partial wave expansion following [23]4:
〈O∆1(P1)O∆2(P2)O∆3(P3)O∆4(P4)〉 = P(Pi)
∞∑
J=0
∫ +∞
−∞
dν bJ(ν)Fν,J(u, v)
=
∞∑
J=0
∫ +∞
−∞
dν bJ(ν)Wν,J(Pi), (2.1)
P(Pi) = 1
(P12)
∆1+∆2
2 (P34)
∆3+∆4
2
(
P24
P14
)∆12
2
(
P14
P13
)∆34
2
, (2.2)
whereO∆i(Pi), i = 1, 2, 3, 4 are scalar primary operators of scaling dimensions ∆i, Pij = −2Pi ·Pj ,
∆ij = ∆i −∆j , i, j = 1, . . . , 4 and (u, v) are conformally invariant cross ratios:
u =
P12P34
P13P24
, v =
P14P23
P13P24
. (2.3)
4In this paper, unless otherwise stated, we will be working in embedding formalism such that {PAi } ∈ M1,d+1, P 2i = 0
are embedding space coordinates etc. . See for example [24] for a good introduction to embedding formalism in CFT.
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In (2.1), we have chosen the O∆1,2/O∆3,4 OPE channel, and we have used the so-called “spectral
representation”, where ν is the so-called spectral parameter. This representation splits the correlation
function into purely kinematical part fixed by the conformal symmetries, as encoded in conformal
block Fν,J(u, v) which is an eigenfunction of scalar quadratic Casimir equation [22, 25], while the
remaining bJ(ν) is the so-called spectral function containing the dynamical information of a given
conformal field theory.
It is known thatFν,J(u, v) and “conformal partial wave”Wν,J(Pi)5 also admit the following Mellin
representations:
Fν,J(u, v) =
∫ +i∞
−i∞
dtds
(4pii)2
Mν,J(s, t)u t2 v−
(s+t)
2
∏
i<j
Γ(δij), (2.4)
Wν,J(Pi) =
∫ +i∞
−i∞
dtds
(4pii)2
Mν,J(s, t)
∏
i<j
Γ(δij)P
−δij
ij , (2.5)
where (s, t) are the so-called “Mellin momenta” and Mν,J(s, t) is the kinematical Mellin partial
amplitude, which can be regarded as the Mellin transformation of the conformal partial wave. Here
the parameters δij = δji, i 6= j appearing in the kernel of Mellin transformation are explicitly given
as:
δ12 =
∆1 + ∆2 − t
2
, δ34 =
∆3 + ∆4 − t
2
, δ13 =
∆34 − s
2
, δ24 = −∆12 + s
2
,
δ14 =
s+ t+ ∆12 −∆34
2
, δ23 =
s+ t
2
, (2.6)
and they satisfy the constraints 6: ∑
j(6=i)
δij = ∆i, i = 1, 2, 3, 4. (2.8)
Hence for a given set of scaling dimensions {∆i}, there are in fact only two independent parameters
in four point Mellin amplitude, denoted as (s, t)7. The integrandMν,J(s, t) in (2.4) and (2.5) can be
5Please see discussion below regarding the subtlety in the choice of parameterization.
6 Here we have adopted the parameterization of Mellin variables (s, t) following the conventions in [23], however we
can re-parameterize them to turn into manifestly crossing invariant form: s→ −s′ − t′ + ∆2 + ∆3 and t→ s′, such that
the factor
∏
i<j Γ(δij) becomes crossing symmetric [9]:∏
i<j
Γ(δij) = Γ
(
∆1 + ∆2 − s′
2
)
Γ
(
∆3 + ∆4 − s′
2
)
Γ
(
∆1 + ∆4 − t′
2
)
(2.7)
×Γ
(
∆2 + ∆3 − t′
2
)
Γ
(
∆1 + ∆3 − u′
2
)
Γ
(
∆2 + ∆4 − u′
2
)
,
where we introduced a new Mellin variable u′ through the relation: s′ + t′ + u′ =
∑4
i=1 ∆i.
7 We can solve these constraints (2.8) by introducing the “fictitious momenta” {pi} satisfying ∑4i=1 pi = 0 and p2i =
−∆i, then δij = pi · pj automatically satisfy (2.8). We can regard {pi} as the momenta of the external particles involved
in the four point Mellin amplitude (2.11), with rest mass p2i = −∆i, the Mellin momenta t = −(p1 + p2)2 and s =
−(p1 + p3)2 are in fact Mandelstam-like variables in this parameterization.
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further decomposed into two parts:
Mν,J(s, t) = ων,J(t)Pν,J(s, t), (2.9)
where the purely t-dependent part is given by:
ων,J(t) =
Γ
(
∆1+∆2+J−h±iν
2
)
Γ
(
∆3+∆4+J−h±iν
2
)
8piΓ(±iν)
Γ
(
h−J−t±iν
2
)
Γ
(
∆1+∆2−t
2
)
Γ
(
∆3+∆4−t
2
) , (2.10)
where h = d2 , and we introduced a short-hand notation: Γ(a± b) ≡ Γ(a+ b)Γ(a− b). The remaining
factor P+ν,J(s, t) = P−ν,J(s, t) is the so-called Mack polynomial of degree J in both t and s [1],
which is a smooth polynomial and its form will be derived momentarily.
The full Mellin amplitudeM(s, t) is obtained upon integratingMν,J(s, t) over the spin-dependent
dynamical spectral function bJ(ν):
M(s, t) =
∞∑
J=0
∫ +∞
−∞
dν bJ(ν)Mν,J(s, t), (2.11)
and we can succinctly write down the Mellin representation of four point scalar correlation function:
〈O∆1(P1)O∆2(P2)O∆3(P3)O∆4(P4)〉 =
∫ +i∞
−i∞
dsdt
(4pii)2
M(s, t)
∏
i<j
Γ(δij)P
−δij
ij . (2.12)
As discussed in details in [23], M(s, t) has very specific singularity structures. First, it does not
contain any poles in s or t corresponding to the exchange of the so-called double-trace operators of the
generic form∼ O∆1∂J(∂2)mO∆2 in the sense of large-N counting, with the parameterization (2.12),
the relevant singularities are contained in the explicit Γ-functions in the remaining kernel. Instead
M(s, t) only contains the singularities corresponding to the exchanges of the single-trace operators
in the OPE channels, which are necessary to reproduce the correct small cross ratio expansion of
the conformal block in (2.4). More explicitly, for a common exchange primary operator O∆,J of
twist ∆ − J in the O∆1,2/O∆3,4 OPE channels,M(s, t) has infinite number of simple poles at t =
∆− J + 2m, m = 0, 1, 2, 3, . . . , and the following Laurent expansion:
M(s, t) = C12O∆,JC34O∆,J
∞∑
m=0
QJ,m(s)
t− (∆− J + 2m) +RJ−1(s, t), (2.13)
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where the purely kinematical residue function is given by8
QJ,m(s) = (2.16)
− 2Γ(∆ + J)(∆− 1)J
4JΓ
(
∆+J±∆12
2
)
Γ
(
∆+J±∆34
2
) QJ,m(s)
m!(∆− h+ 1)mΓ
(
∆1+∆2−∆+J−2m
2
)
Γ
(
∆3+∆4−∆+J−2m
2
) ,
QJ,m(s) = P−i(∆−h),J(s, t = ∆− J + 2m). (2.17)
Here C12O∆,J and C34O∆,J are the OPE coefficients for O∆,J , and its descendants labeled by the
infinite number of polesm > 0. QJ,m(s) is a polynomial of degree J in s, whose explicit form can be
obtained directly from Mack polynomial. The remaining regular piece RJ−1(s, t) is a degree J − 1
polynomial in (s, t). Its origin is basically the Laurent expansions of the gamma functions, and the
contact interactions generated by different choices of interaction vertices also can contribute to this
term when considering the corresponding Witten diagrams to be reviewed next.
In the context of the AdS/CFT correspondence, it is well known that four point scalar correlation
function (2.1) can be reproduced from summing over the contributions from the four point scalar
contact and exchange Witten diagrams (WD) in Anti-de Sitter space (AdS) [26–28]. Moreover, it was
known recently that we can further decompose these Witten diagrams into kinematical building blocks
known as “geodesic Witten diagrams” (GWD) [29], which was shown to reproduce conformal partial
wave up to overall factors. In particular, the contact Witten diagrams can be decomposed into infinite
tower of geodesic Witten diagrams corresponding to the exchange of double trace operators, while
the exchange Witten diagrams for a given channel, which will be discussed extensively next, consists
of geodesic Witten diagrams for the single and double trace operators. The clean separation of single
and double trace operator exchanges in Witten diagrams clearly mimics the Mellin representation of
the CFT scalar correlation functions, and this strongly implies we can derive scalar Mellin amplitude
M(s, t) holographically from Witten diagram/geodesic Witten diagram computations.
To clarify, in (2.1) we have followed the parameterization of the scalar correlation function in [23],
where Wν,J(Pi) can contain Γ-function pre-factors with singularities corresponding to the double
trace operators. This differs from the usual definition of conformal partial wave, they are therefore
more appropriately computed through exchange Witten diagrams. When we rewrite Wν,J(Pi) into
Mellin representation however, these singularities are repackaged into the definition of the Mellin
transformation kernel (2.5) such thatMν,J(s, t) does not contain double trace contributions. In this
8 Here we followed the pole structure of the spectral function bJ(ν) given in [23]:
bJ(ν) ∼ C12O∆,JC34O∆,J
K∆,J
ν2 + (h−∆)2 , (2.14)
where
K∆,J ≡ Γ(∆ + J)Γ(∆− h+ 1)(∆− 1)J
4J−1Γ
(
∆+J±∆12
2
)
Γ
(
∆+J±∆34
2
)
Γ
(
∆1+∆2+J−h±(h−∆)
2
)
Γ
(
∆3+∆4+J−h±(h−∆)
2
) . (2.15)
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sense, we can regard Mν,J(s, t) as the natural Mellin space basis for expanding scalar Mellin am-
plitude. The basic strategy here is therefore that, we will use the cutting identity of the bulk to bulk
propagator (2.25) to cut the four point exchange Witten diagram into two copies of three point Witten
diagrams, whose form itself can be fixed by AdS isometries to be proportional to the CFT three point
function up to an overall dynamical factor, which can be attributed to the spectral function bJ(ν). As
we explained in the previous paragraph, the Witten diagrams can be decomposed into geodesic Witten
diagrams, we shall comment on how Mellin amplitude can also be reproduced using geodesic Witten
diagrams at the end of section.
Later, we will see that the expression (2.9) can be reproduced by a single four point exchange
Witten diagram with a bulk AdS tensor field dual to the primary operator O∆,J 9. Comparing with
the conventional Witten diagram computations where we need to sum over all possible exchange
channels to reproduce the full correlation functions, and the final expression is manifestly crossing
invariant [30], here we consider only the Witten diagram for (12)(34) exchange channel. The justifi-
cation for this is that as argued in [23], in this case only this channel contains the contribution from
the single trace operators (plus other double trace operators) as needed for Mellin amplitude, other
(13)(24) and (14)(23) channels contain only double trace operators contributing to the Γ-functions
in the transformation kernel.
More generally, in deducing the Mellin amplitude, we have to sum over contributions coming
from the other different exchange channels if they also contain contributions of single trace operators
[31], our computation here can be easily recycled.
Let us start with the construction of three point Witten diagram, we consider the holographic dual
interaction among a pair of AdS scalars and a spin-J divergent free tensor field, they interact through
following vertex [26, 27]:
gΦ1Φ2Ξ
∫
AdSd+1
dX Φ1(X)∇A1 . . .∇AJΦ2(X)ΞA1...AJ (X) (2.18)
which is unique up to the equation of motion. Here gΦ1Φ2Ξ is the coupling constant. This yields the
following three point Witten diagram calculation:
〈O∆1(P1)O∆2(P2)O∆,J(P0, Z0)〉WD
=
gΦ1Φ2Ξ√C∆1,0C∆2,0C∆,J
∫
AdSd+1
dX Π∆1,0(X,P1)
Π∆,J(X,P0;K,Z0)(W · ∇)JΠ∆2,0(X,P2)
J !
(
h− 12
)
J
=
gΦ1Φ2Ξ√C∆1,0C∆2,0C∆,J b(∆1,∆2,∆, J)
∆1 ∆2 ∆0 0 J
0 0 0
 , (2.19)
where O∆,J(P0, Z0) is a spin-J symmetric traceless tensor primary operator of scaling dimension ∆
contracted with the polarization vector Z0. The differential operator K is introduced to contract with
9These individual Witten diagrams were called Witten blocks in [5, 6].
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the bulk polarization vector W 10. The square parentheses is a three point function including tensor
structure defined in Sec.3. Here we have introduced the AdS bulk to boundary propagator for spin-J
bulk tensor field:
Π∆,J(X,P ;W,Z) = C∆,J [2(X · Z)(P ·W )− 2(X · P )(Z ·W )]
J
(−2P ·X)∆+J (2.20)
and normalization constant is
C∆,J = (J + ∆− 1)Γ(∆− 1)
2pihΓ(∆ + 1− h) . (2.21)
The final result in (2.19) is proportional to the unique scalar-scalar-tensor CFT three point function
given in the box basis, whose explicit form is given in (3.1). The explicit integration of interacting
vertex over the entire d+ 1-dimensional AdS space yields the dynamical factor:
b(∆1,∆2,∆, J) = 2
J−1(−1)JpihC∆1,0C∆2,0C∆,J
Γ
(
∆1+∆2+J−h±(h−∆)
2
)
Γ
(
∆+J±∆12
2
)
Γ(∆1)Γ(∆2)Γ(∆ + J)
, (2.22)
and we can identify gΦ1Φ2Ξ√C∆1,0C∆2,0C∆,J b(∆1,∆2,∆, J) as the OPE coefficient C12O∆,J . When we later
promote ∆ into continuous spectral parameter, the pre-factor b(∆1,∆2,∆.J) has singularities at spe-
cial values ∆ = ∆1 + ∆2 + J + 2m, m = 0, 1, 2, 3, . . . corresponding to the double trace operators
or their descendants, these are responsible for generating the double trace operator contributions to
the four point exchange Witten diagram.
To separate the dynamical and kinematical parts in three point function computation, in [32] the
authors introduced the three point “geodesic Witten diagram” (GWD) where the interaction vertex is
now restricted to move instead along the AdS-geodesic Γ12 connecting two out of the three boundary
points where the CFT operators are inserted, in this case P1 and P2 (see Fig.1). This yields the
following integral:
〈O∆1(P1)O∆2(P2)O∆,J(P0, Z0)〉GWD
=
gΦ1Φ2Ξ√C∆1,0C∆2,0C∆,J
∫
Γ12
dλΠ∆1,0(X(λ), P1)
Π∆,J(X(λ), P0;K,Z0)(W · ∇)JΠ∆2,0(X(λ), P2)
J !
(
h− 12
)
J
=
gΦ1Φ2Ξ√C∆1,0C∆2,0C∆,J bˆ(∆1,∆2,∆, J)
∆1 ∆2 ∆0 0 J
0 0 0
 , (2.23)
where λ is the line parameter of the geodesic Γ12 and the overall dynamical factor now becomes:
bˆ(∆1,∆2,∆, J) = 2
J−1(−1)J(∆2)JC∆1,0C∆2,0C∆,J
Γ
(
∆+J±∆12
2
)
Γ(∆ + J)
= 2J−1(−1)J(∆2)JC∆1,0C∆2,0
Γ
(
∆+J±∆12
2
)
2pihΓ(∆− h+ 1)(∆− 1)J . (2.24)
Here we can see that (2.24) is merely a non-divergent overall factor multiplying the CFT box basis.
10 For the details such as the explicit form of K, for example, please see [26] or [32].
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O 1(P1)
O 2(P2)
O ,J(P0, Z0)
{X( ), W}
Figure 1. Three point geodesic Witten diagram where the orange curve describes the geodesic Γ12, and the
interaction vertex moves only on the geodesics.
Next we consider constructing the full four point Witten diagram using the three point Witten
diagrams we just reviewed, this also enables us to derive both partial and full Mellin amplitudes (2.9)
and (2.11). The starting point is the cutting identity of bulk-bulk spin J propagator:
Π∆,J(X, X˜;W, W˜ ) = (2.25)∫ +∞
−∞
dν
∫
∂AdSd+1
dP0
ν2
ν2 + (∆− h)2
Πh+iν,J(X,P0;W,DZ0)Πh−iν,J(X˜, P0; W˜ , Z0)
piJ !(h− 1)J ,
which is valid for general bulk points (X, X˜). This identity means that a bulk-bulk propagator can be
cut into two bulk-boundary propagators, and in the first bulk-boundary propagator, the polarization
vector Z0 is replaced with a differential operator DZ0 defined in (2.28) to take a contraction. We can
evaluate the four point exchange Witten diagram W 4pt∆,J(Pi) for the bulk dual field of O∆,J using the
previous three point results (see Fig.2):
W
4pt
∆,J(Pi) =
gΦ1Φ2ΞgΦ3Φ4Ξ[
J !(h− 12)J
]2 ∫
AdSd+1
dXdX˜ Π∆1,0(X,P1)(K · ∇)JΠ∆2,0(X,P2) (2.26)
×Π∆,J(X, X˜;W, W˜ ) Π∆3,0(X˜, P3)(K˜ · ∇˜)JΠ∆4,0(X˜, P4)
=
1
J !(h− 1)J
∫ +∞
−∞
dν
2pi
2ν2
ν2 + (∆− h)2
[
Ch±iν,J
4∏
i=1
C∆i,0
] 1
2 ∫
∂AdSd+1
dP0
×〈O∆1(P1)O∆2(P2)Oh+iν,J(P0,DZ0)〉WD〈O∆3(P3)O∆4(P4)Oh−iν,J(P0, Z0)〉WD .
Putting various pieces together, we can parameterize the four point scalar Witten diagram as:
W
4pt
∆,J(Pi) = gΦ1Φ2ΞgΦ3Φ4Ξ
∫ +∞
−∞
dν
2pi
2ν2
ν2 + (∆− h)2 b(∆1,∆2, h+iν, J)b(∆3,∆4, h−iν, J) Iν,J(Pi) ,
(2.27)
where we have separated the dynamical information as encoded in the first three terms of the integrand
above, as they contain singularities in the complex ν plane and partly will become spectral function
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O 1(P1)
O 2(P2) O 3(P3)
O 4(P4)
O 1(P1)
O 2(P2)
O 3(P3)
O 4(P4)
Oh+i⌫,J(P0, Z0)
Oh i⌫,J(P0, Z0) =⇥
h
+
i⌫, J
h
 
i⌫
, J
{P0, Z0}
{X,W} {X˜, W˜} {X,W} {X˜, W˜}
Figure 2. A four point exchange diagram can be constructed by gluing two three point diagrams through the
cutting identity of bulk-bulk propagator.
bJ(ν). While the the purely kinematic part is encoded in the following kinematic integral Iν,J(Pi)11 :
Iν,J(Pi) ≡ 1
J !(h− 1)J
∫
∂AdSd+1
dP0
∆1 ∆2 h+ iν0 0 J
0 0 0
 ·
h− iν ∆3 ∆4J 0 0
0 0 0
 (2.29)
=
1
P γ1212 P
γ34
34
∫
∂AdSd+1
dP0
(
4∏
i=1
1
P γ0i0i
)
1
J !(h− 1)J (2P0 · P12 · DZ0)
J(2P0 · P34 · Z0)J ,
where P12 and P34 are defined as:
PAB12 ≡ PA1 PB2 − PA2 PB1 , PAB34 ≡ PA3 PB4 − PA4 PB3 , (2.30)
and γij are given as:
γ12 =
∆1 + ∆2 − h− iν + J
2
, γ34 =
∆3 + ∆4 − h+ iν + J
2
γ01 =
∆12 + h+ iν + J
2
, γ02 =
−∆12 + h+ iν + J
2
,
γ03 =
∆34 + h− iν + J
2
, γ04 =
−∆34 + h− iν + J
2
. (2.31)
11Here the differential operator DZA0 is defined as [33]:
DZA0 =
(
h− 1 + Z0 · ∂
∂Z0
)
∂
∂ZA0
− 1
2
Z0A
∂2
∂Z0 · ∂Z0 . (2.28)
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The contraction of symmetric traceless transverse tensors is implemented through the derivative
DZ0 ≡ DZA0 and polarization vector Z
A
0 , which is evaluated in terms of the Gegenbauer polynomial
12:
1
J !(h− 1)J (2P0 · P12 · DZ0)
J(2P0 · P34 · Z0)J
=
∑˜
r
(−4P0 · P12 · P34 · P0)J−2r(−4P0 · P12 · P12 · P0)r(−4P0 · P34 · P34 · P0)r
=
∑˜
r
(J − 2r)!
2J−2r
P r12P
r
34
∑
∑
kij=J−2r
(−1)k24+k13
∏
(ij)
P
kij
ij
kij !
∏
i
P
J−r−∑j kji
0i , (2.33)
where the symmetric indices kij = kji comes form the expansion of the factor (−4P0 · P12 · P34 ·
P0)
J−2r, and (ij) runs over (13), (14), (23) and (24), and label the all possible four-fold non-negative
integer partitions of J − 2r. For the summation of r, we introduced a short-hand notation:
∑˜
r
=
[J/2]∑
r=0
(−1)r J !(J + h− 1)−r
22rr!(J − 2r)! , (2.34)
where the square parentheses [J/2] is the Gauss’s symbol. Summarizing, the boundary integration
over P0 now becomes:
Iν,J(Pi) =
∑˜
r
(J − 2r)!
2J−2r
1
P γ12−r12 P
γ34−r
34
(2.35)
×
∑
∑
kij=J−2r
(−1)k24+k13
∏
(ij)
P
kij
ij
kij !
∫
∂AdSd+1
dP0
(
4∏
i=1
P
−γ0i+J−r−
∑
j kji
0i
)
.
We can now use the Symanzik star-formula13 to rewrite Iν,J(Pi) into the desired Mellin transforma-
tion:
Iν,J(Pi) =
∑˜
r
(J − 2r)!
2J−2r
1
P γ12−r12 P
γ34−r
34
∑
∑
kij=J−2r
(−1)k24+k13
∏
(ij)
P
kij
ij
kij !
× pih
 4∏
i=1
1
Γ
(
γ0i − J + r +
∑
j kij
)
∫ i∞
−i∞
dδ¯12dδ¯13
(2pii)2
∏
i<j
Γ(δ¯ij)P
−δ¯ij
ij . (2.36)
12 Here we used the following identity about the Gegenbauer polynomial C(h−1)J (x):
1
J !(h− 1)J (X · DZ)
J(Y · Z0)J = J !
2J(h− 1)J (X
2Y 2)
J
2 C
(h−1)
J (x) where x =
X · Y
(X2Y 2)
1
2
=
[J/2]∑
r=0
(−1)r J !(J + h− 1)−r
22rr!(J − 2r)! (X · Y )
J−2r(X2Y 2)r . (2.32)
13 Note here that
∑
i
(
−γ0i + J − r −∑j kji) = −d. Therefore we can use the result for the boundary integration in
Appendix A.1.
– 11 –
Here the parameters {δ¯ij} satisfy the following conditions:∑
j(6=i)
δ¯ij = γ0i − J + r +
∑
j
kij , (2.37)
and we can further unify the powers of Pij using δij = δji, i 6= j defined as:
δ12 = δ¯12 + γ12 − r , δ34 = δ¯34 + γ34 − r , δ(ij) = δ¯(ij) − k(ij) , (2.38)
which again satisfy the constraints
∑
j(6=i) δij = ∆i, i = 1, 2, 3, 4. In terms of {δij}, Iν,J(Pi) is
expressed as:
Iν,J(Pi) = pih
(
4∏
i=1
1
Γ(γ0i)
)∑˜
r
(J − 2r)!
2J−2r
∑
∑
kij=J−2r
(−1)k24+k13
4∏
i=1
(
γ0i − J + r +
∑
j
kij
)
J−r−∑j kij
×
∫ i∞
−i∞
dδ12dδ13
(2pii)2
Γ(δ¯12)Γ(δ¯34)
Γ(δ12)Γ(δ34)
∏
(ij)
(δij)kij
kij !
∏
i<j
Γ(δij)P
−δij
ij , (2.39)
where the additional Pochhammer symbols arise from the shifts in (2.38). If we now identify the
Mellin momenta s and t as:
s = ∆34 − 2δ13 , t = ∆1 + ∆2 − 2δ12 , (2.40)
then the relation between δij and (s, t) are given in (2.6), and we obtain the following form:
Iν,J(Pi) = pih
(
4∏
i=1
1
Γ(γ0i)
)∫ i∞
−i∞
dsdt
(4pii)2
Γ
(
h±iν−J−t
2
)
Γ
(
∆1+∆2−t
2
)
Γ
(
∆3+∆4−t
2
) P˜ν,J(s, t)∏
i<j
Γ(δij)P
−δij
ij ,
(2.41)
where P˜ν,J(s, t) is the following polynomial:
P˜ν,J(s, t) =
[J/2]∑
r=0
(−1)r J !(J + h− 1)−r
2J−2rr!
(
h± iν − J − t
2
)
r
×
∑
∑
kij=J−2r
(−1)k24+k13
∏
(ij)
(δij)kij
kij !
4∏
i=1
(
γ0i − J + r +
∑
j
kij
)
J−r−∑j kij .(2.42)
Notice that we have absorbed the shift by r in δ¯12 and δ¯34 in (2.38) by introducing additional r-
dependent Pochhammer symbols in (2.42). This polynomial differs from the Mack polynomialPν,J(s, t)
given in [23] by an overall factor14:
Pν,J(s, t) =
22J
(h± iν − 1)J P˜ν,J(s, t) . (2.43)
14Notice also that up to (−1)J factor, P˜ν,J(s, t) here is identical as the Mack polynomial used in [5], [6]. In making this
statement, we have also used a useful identity (C.3) proven in the appendix C.
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This demonstrates that up to the overall factors above which gives the spurious poles, Mack polyno-
mial appearing in the scalar Mellin amplitude (2.9) purely comes from the kinematic integral (2.29),
which in turns can be fixed by conformal symmetries alone. The remaining dynamical coefficients in
(2.27) are evaluated as:
2ν2
ν2 + (∆− h)2 b(∆1,∆2, h+ iν, J)b(∆3,∆4, h− iν, J)
=
22J−3
ν2 + (∆− h)2
(
4∏
i=1
C∆i,0
Γ(∆i)
Γ(γ0i)
)
Γ
(
∆1+∆2+J−h±iν
2
)
Γ
(
∆3+∆4+J−h±iν
2
)
Γ(±iν)(h± iν − 1)J , (2.44)
which is to be combined with the pre-factor multiplying P˜ν,J(s, t). Finally we can repackage (2.27)
as
W
4pt
J (Pi) =
pihgΦ1Φ2ΞgΦ3Φ4Ξ
2
(
4∏
i=1
C∆i,0
Γ(∆i)
)∫ +∞
−∞
dν
1
ν2 + (∆− h)2 (2.45)
×
∫ i∞
−i∞
dsdt
(4pii)2
ων,J(t)Pν,J(s, t)
∏
i<j
Γ(δij)P
−δij
ij
=
∫ i∞
−i∞
dsdt
(4pii)2
∫ +∞
−∞
dν b
(scalar)
J (ν)Mν,J(s, t)
∏
i<j
Γ(δij)P
−δij
ij , (2.46)
where ων,J(t) is given in (2.10) and if we identify W
4pt
J (Pi) with the four point scalar correlation
function (2.12), this requires us to set the spectral function as:
b
(scalar)
J (ν) =
pihgΦ1Φ2ΞgΦ3Φ4Ξ
2
(
4∏
i=1
C∆i,0
Γ(∆i)
)
1
ν2 + (∆− h)2 . (2.47)
Before moving on, it is worthwhile to pause here to comment on the general structure of scalar four
point Witten diagram/correlation function leading to the Mellin amplitude (2.11), as it will be useful
for us to consider the spinning generalization next. The singularities at±iν = t+J−h+2m are purely
kinematical and arise from the Γ-functions in fusing two copies of the box basis in (2.41). As these
singularities collide with the poles from±iν = ∆−h in (2.44) arising from the cutting representation
of the bulk-bulk propagator (2.25), we can obtain the expansion (2.13) around t = ∆ − J + 2m.
We will see this mechanism of colliding the singularities of the cutting representation of bulk-bulk
propagator and kinematical integral for generating the desired t-channel singularities also applies to
the spinning Mellin amplitudes.
Moreover as can be seen from (2.44), the contributions from the double trace operators to the full
correlation function are contained in the dynamical pre-factors b(∆1,∆2, h+iν, J) and b(∆3,∆4, h−
iν, J) multiplying the box tensor basis to yield the three point Witten diagrams. Naively, we can use
the same pole colliding mechanism to generate the t-channel singularities corresponding double trace
operators in the scalar Mellin amplitude, however as we parameterize it, these are precisely canceled
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by the zeroes coming from the Γ(∆1+∆2−t2 )Γ(
∆3+∆4−t
2 ) in the denominator. In the spinning gen-
eralization, the relevant three point Witten diagrams are expressed in terms of linear combination
of box tensor basis, different choices of three point interacting vertices generate different dynamical
pre-factors, and these only affect the spectrum of the double trace operators. We will see that us-
ing appropriate identification of Mellin momenta and parameterization, we can ensure the resultant
spinning Mellin amplitude is free of double trace operator singularities.
Another side comment is that, the coefficients bˆ(∆1,∆2, h+iν, J) and bˆ(∆3,∆4, h−iν, J) coming
form geodesic diagrams do not contain any poles associated with the double trace operators as in
(2.24). This means the fact that if we consider a four point geodesic diagram which is constructed by
gluing two three point geodesic diagrams, the Mellin amplitude has only zeros for the double trace
operators, and the four point geodesic diagram has only the single trace contribution. More concretely,
from the geodesic diagram, the following functions are obtained instead of bJ(ν) and ων,J(t) in (2.47)
and (2.10):
bGWDJ (ν) =
gΦ1Φ2ΞgΦ3Φ4Ξ
2pih
(
4∏
i=1
C∆i,0
)
(∆2)J(∆4)J
1
ν2 + (∆− h)2 ,
ωGWDν,J (t) =
Γ
(
h±iν−J−t
2
)
8pi Γ(±iν)Γ (∆1+∆2−t2 )Γ (∆3+∆4−t2 ) . (2.48)
In this sense, the geodesic diagrams are more fundamental elements, and actually, expanding the
Γ-functions including the double trace poles, we can decompose normal four point exchange Witten
diagrams into a summation of geodesic diagrams with the single and double trace operators exchanges
[32].
3 Spinning Mellin Amplitudes from Witten Diagrams
3.1 Spinning Three Point Functions in CFT and AdS
Let us now consider the Mellin representation of four point correlation function involving four ex-
ternal primary operators with integer spins O∆i,li(Pi, Zi), i = 1, 2, 3, 4. Generally, in addition to the
symmetric traceless primary tensor operators as in the scalar case, the OPE between a pair of spin-
ning primary operators {O∆i,li(Pi, Zi)} can also contain mixed tensor primary operators, these have
been considered in several recent works, e.g. [34–38]. If we however restrict to only the symmet-
ric traceless exchange primary operators, this situation is somewhat simplified and was considered
several years ago in [39], [40], we briefly review the essential details here before considering their
corresponding Mellin representation.
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We start again with the general three point functions for primary operators with integer spins which
can be expressed in terms of linear combinations of the following box tensor basis:
〈O∆1,l1(P1, Z1)O∆2,l2(P2, Z2)O∆0,l0(P0, Z0)〉CFT
=
∑
n12,n10,n20≥0
λn12,n10,n20
∆1 ∆2 ∆0l1 l2 l0
n20 n10 n12
+O(Z2i , Zi · Pi)
∆1 ∆2 ∆0l1 l2 l0
n20 n10 n12
 = V m11,20V m22,01V m00,12Hn1010 Hn2020 Hn1212
(P10)
1
2
(τ1+τ0−τ2)(P20)
1
2
(τ2+τ0−τ1)(P12)
1
2
(τ1+τ2−τ0)
(3.1)
where τi = ∆i + li, and {λn10,n20,n12} are the expansion coefficients associated with the independent
tensor structures labeled by15:
Vi,jk =
−2Pj · Ci · Pk
Pjk
=
Tr(CiPjk)
Pjk
, Hij = Tr(CiCj). (3.2)
Here we have introduced the following rank-two anti-symmetric tensors
CABi = Z
A
i P
B
i − PAi ZBi , PABjk = PAj PBk − PBj PAk , i, j, k = 0, 1, 2 (3.3)
which ensure the tensor structures (3.2) are invariant under the shift ZAi → ZAi + PAi . Moreover, the
triplet of non-negative integers (n10, n20, n12) need to satisfy the following partition constraints:
m1 = l1 − n10 − n12 ≥ 0, m2 = l2 − n20 − n12 ≥ 0, m0 = l0 − n10 − n20 ≥ 0 . (3.4)
For given l1 ≤ l2 ≤ l0 with p ≡ max(0, l1 + l2 = l0), we have
N(l1, l2, l0) =
(l1 + 1)(l1 + 2)(3l2 − l1 + 3)
6
− p(p+ 2)(2p+ 5)
24
− 1− (−1)
p
16
(3.5)
independent box tensor structures listed in (3.1).
Holographically, we can again compute the spinning three point functions by applying Witten di-
agram technique to three AdS tensor fields with integer spins. One important difference from the
scalar-scalar-tensor computation reviewed earlier however is that, instead of a unique interaction ver-
tex (2.18), there can in general be multiple number of independent interaction vertices contributing,
each contains different number of spacetime derivatives and index contractions. This is in accordance
with the existence of multiple independent tensor box basis in (3.1) for expressing the CFT three point
functions.
15In (3.1)O(Z2i , Zi ·Pi) denote the terms which are not linearly independent, and corresponding to the same three point
function. For symmetric traceless transverse tensor fields, the polarization vectors Zi should satisfy Z2i = Zi · Pi = 0,
therefore we can ignore these terms.
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Recently there have been remarkable progress in parameterizing all possible three point interaction
vertices for AdS symmetric traceless tensor fields with integer spins, and the computation of their
corresponding contact Witten diagrams [19], [20]. 16 In particular, the number of independent inter-
action vertices in the AdS space precisely equals to the number of independent box tensor basis given
in (3.5), therefore expressing the resultant three point Witten diagram for a given interaction vertex to
the box tensor basis essentially becomes a diagonalization problem. In its state of art form [20], the
resultant expression can be summarized into the following general structure:
〈O∆1,l1(P1, Z1)O∆2,l2(P2, Z2)O∆0,l0(P0, Z0)〉WD =
∑
{k}
λkl Akτ,l(Pi, Zi), i = 0, 1, 2 (3.6)
where Akτ,l(Pi, Zi) denotes the contribution from a specific interaction vertex Vkl labeled by triplet
of non-negative integers k = (k1, k2, k0), their scaling dimensions τ = (τ1, τ2, τ0) and spins l =
(l1, l2, l0). The corresponding contribution Akτ,l, after the integration over entire AdS space, can be
expressed in turns as the linear combination of the box tensor basis (3.1):
Akτ,l(Pi, Zi) = B(l,k; τ)
∑
{n}
fkn,l
(
δ(i−1)(i+1)
)∆1 ∆2 ∆0l1 l2 l0
n20 n10 n12
 , (3.7)
δ(i−1)(i+1) =
τi+1 + τi−1 − τi
2
, i ∼= i+ 3.
Here we have used triplet of non-negative integers n = (n10, n20, n12) to denote all possible partitions
which depend on spins l, and they satisfy the partition constraints (3.4). The expansion coefficients
fkn,l
(
δ(i−1)(i+1)
)
only depend on the scaling dimensions through the combinations δ(i−1)(i+1), where
one of the τi, τi±1 will be promoted to spectral parameter later. In essence, the structure of the spinning
three point Witten diagram summarized in (3.6) and (3.7) are generalization of the scalar-scalar-tensor
three point Witten diagram (2.23), where only unique box tensor structure is needed.
When we use the cutting identity (2.25) to fuse two spinning three point Witten diagrams and pro-
ceed to obtain the spinning Mellin amplitude, the combined dynamical pre-factorsB(l,k; τ)fkn,l
(
δ(i−1)(i+1)
)
multiplying the individual box tensor basis play the same role as the factor (2.22). in the derivation
of scalar Mellin amplitude, whose singularities determine the spectrum of double trace operators as
we integrate over the spectral parameter ν. In deducing the Mellin representation of the spinning
correlation function from spinning Witten diagrams, we should again have clear separation between
the contributions from single trace and double trace operators. We will show that these singularities
corresponding to the double trace operators can be separated from the spinning Mellin amplitude as
in the scalar case. Another basis for the three point interaction vertices is also possible [19], and they
are related through an appropriate mixing matrix.
16 The Mellin representations for n-point contact Witten diagrams with spins can be also obtained by using the generalized
Symanzik formula basically, however, the results usually would be complicated.
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Putting various pieces together, now for a given pair of three point interaction vertices and their
corresponding AkLτL,lL and A
kR
τR,lR
, where the parameters are:
τL = (τ1, τ2, h+ iν + J), kL = (k1, k2, k0), lL = (l1, l2, J),
τR = (τ3, τ4, h− iν + J), kR = (k3, k4, k˜0), lR = (l3, l4, J). (3.8)
We can now parameterize their combined contributions to the four point spinning Witten diagram
schematically as:
W
4pt
∆,J(kL,kR) = gΞ1Ξ2Ξ0gΞ3Ξ4Ξ˜0
∫ +∞
−∞
dν
2pi
2ν2
ν2 + (∆− h)2 (3.9)
×
∑
{nL,nR}
b(kL,nL)b(kR,nR) I(nL,nR)ν,J (Pi, Zi).
Here b(kL,R,nL,R) are the the combined dynamical pre-factors, i.e. B(l,k; τ) and fkn,l
(
δ(i−1)(i+1)
)
,
multiplying the individual box tensor basis involved in (3.7), they encode the specific choice of basis
for the three point interaction vertices. For each pair of triplets of integers (nL,nR), their corre-
sponding box tensor basis fused into the kinematic integral I(nL,nR)ν,J (Pi, Zi). As we reviewed in the
previous section, evaluating the kinematic integral Iν,J(Pi) using Symanzik star-formula is a crucial
step for obtaining the scalar Mellin partial amplitude. Here we would like to generalize the Symanzik
star-formula to the kinematic integral I(nL,nR)ν,J (Pi, Zi) for spinning four point correlation functions,
and we will argue that this should be regarded as the natural kinematic basis for constructing the full
spinning Mellin amplitude.
3.2 Evaluation of the Spinning Kinematical Integral
In this section, for a given pair of interaction vertices in (3.9) labeled by (kL,kR), we proceed
to evaluate the spinning kinematical integral I(nL,nR)ν,J (Pi, Zi) which includes external polarization
vectors {Zi}:
I(nL,nR)ν,J (Pi, Zi) ≡
1
J ! (h− 1)J
∫
∂
dP0
∆1 ∆2 h+ iνl1 l2 J
n20 n01 n12
 ·
∆3 ∆4 h− iνl3 l4 J
n40 n03 n34
 . (3.10)
This integration can be evaluated and expressed into Mellin representation by using the generalization
of Symanzik star-formula given in Appendix A.2, and we relegate most of the calculation details and
some definitions of notations to Appendix B.1. Let us first state the final result:
I(nL,nR)ν,J (Pi, Zi) = pih
(
4∏
i=1
mi!
Γ(γ˜0i)
) ∑
{aij ,bij}
∫ i∞
−i∞
dδ12dδ13
(2pii)2
(3.11)
×P˜ (nL,nR)ν,J (δij , aij , bij)
Γ(δˆ12)Γ(δˆ34)
Γ(δ12)Γ(δ34)
∏
i 6=j
V˜
aij
ij
aij !
∏
i<j
H˜
bij
ij
bij !
Γ(δij)P
−δij
ij ,
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and explain various quantities and definitions in turns. Here the Mellin variables δij satisfy the modi-
fied constraints: ∑
j( 6=i)
δij = ∆i − li ≡ τ˜i , (3.12)
where we have introduced the twist parameters τ˜i and we can solve the constraint (3.12) as in (2.6)
with ∆i replaced by τ˜i. This also leads us to the natural identifications of Mellin momenta for the
spinning Mellin amplitude as:
s = τ˜3 − τ˜4 − 2δ13 , t = τ˜1 + τ˜2 − 2δ12 . (3.13)
The arguments δˆ12 and δˆ34 in the explicit Γ-functions in (3.11) are:
δˆ12 = δ12 − τ˜1 + τ˜2 − τ˜
+
0
2
, δˆ34 = δ34 − τ˜3 + τ˜4 − τ˜
−
0
2
, (3.14)
where τ˜±0 ≡ h± iν − J . In terms of the Mellin momenta t, δˆ12 and δˆ34 can be expressed as:
δˆ12 =
h+ iν − J − t
2
, δˆ34 =
h− iν − J − t
2
. (3.15)
In (3.11), we have introduced the alternative basis for independent tensor structures {V˜ij} and {H˜ij}:
V˜ij ≡ −2v¯i · Pj
Pij
, H˜ij ≡ −2v¯i · v¯j
Pij
, i, j = 1, 2, 3, 4. (3.16)
Here {v¯Ai } are composite vectors which are constructed from antisymmetric tensor CABi , and they are
defined as:
v¯A1 ≡
(−2P2 · C1)A
P12
, v¯A2 ≡
(2P1 · C2)A
P12
, v¯A3 ≡
(−2P4 · C3)A
P34
, v¯A4 ≡
(2P3 · C4)A
P34
. (3.17)
The list of the non-vanish products among Pi and v¯i is given in (B.23) and (B.24), which consist of
combinations of {Vi,jk} and {Hij} given in (3.2). In particular V˜ij is linear in Zi and H˜ij is quadratic
in Zi and Zj , and we still preserve the transverse condition. The two sets of non-negative integers
{aij} and {bij} labeling the powers of V˜ij and H˜ij need to satisfy the constraints:∑
j( 6=i)
(bij + aij) = li , (3.18)
this can be understood that we can only have total li of Zi polarization vectors in the final expression.
The {aij} and {bij} in the summation of (3.11) take values when they satisfy the constraint (3.18).
Notice that bij are symmetric in the two indices, but aij are not, and they can be regarded as the dis-
crete Mellin variables which incorporate the discrete spin degrees of freedom encoded in the invariant
tensor structures {H˜ij , V˜ij}.
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Now to count the number of independent parameters, both continuous and discrete, there are two
types of constraints: (3.12) for δij and (3.18) for aij and bij . There are six continuous variables
δij initially, the constraint (3.12) eliminate them to only two independent ones, same number as the
independent cross ratios. Similarly, due to the four constraints (3.18), starting with twelve aij and six
bij , we are left with fourteen independent discrete variables. This number precisely corresponds to
the number of independent elements of tensor structures, explicitly we have eight V˜ij’s and six H˜ij’s
as in from (B.23) to (B.25).
It is also interesting to pause here and consider the the possible interpretations of these remaining
variables in the flat space limit. For the continuous Mellin variable δij , we can again regard them
as bilinear of scattering momenta {pi} in the flat space through the identification: δij = pi · pj
and p2i = −τ˜i. For the flat space limit of independent discrete {aij , bij}, we can count the number
of independent possible tensor structures arising from the four point spinning scattering amplitudes.
Consider the fields with spins in the flat space following [44], we can also construct the corresponding
elements of tensor structures as products of the scattering momenta {pi} and polarization vectors {i},
i = 1, 2, 3, 4 for each spinning field. There are six i · j and eight i · pj because inner products like
i · i = 0 or pi · i = 0. The number of the independent products are the same as the discrete
Mellin variables {aij} and {bij}, which indicate they may play the similar role of enumerating the
independent tensor structures even in the flat space.
Finally in (3.11), we have introduced the following polynomial:
P˜
(nL,nR)
ν,J (δij , aij , bij) ≡
∑˜
r,β,k
1
(−2)
∑
imi+n12+n34
∏
i
(γ˜0i − κi)κi(mi + 1)κ¯i¯
×(δˆ12)d12(δˆ34)d34
b12!
(b12 − n12 − k¯{11¯2¯2})!
b34!
(b34 − n34 − k¯{33¯4¯4})!
×
∏
(ij)
(δij)dij+
∑
{A} k
{A}
ij∏
{A} k
{A}
ij !
∏
(¯ij)
(aij −
∑
{A} k
{A}
i¯j
+ 1)∑
{A} k
{A}
i¯j∏
{A} k
{A}
i¯j
!
∏
(¯ij¯)
(bij −
∑
{A} k
{A}
i¯j¯
+ 1)∑
{A} k
{A}
i¯j¯∏
{A} k
{A}
i¯j¯
!
,
(3.19)
where the definition of the summation
∑˜
r,β,k is given in (B.17), {γ˜0i} are given in (B.2), and κi and
κ¯i¯ are defined in (B.16) as summations of integers β
{...} and k{...}αβ which come from the polynomial
expansions. dij are non-negative integers defined in (B.28) and (B.30). Note that when all external
spins li = 0, this polynomial becomes P˜ν,J in (2.42). In this sense, we shall call P˜
(nL,nR)
ν,J (δij , aij , bij)
“generalized Mack polynomial”, which is purely kinematical and can be regarded as the natural poly-
nomial basis for expressing spinning conformal partial waves in Mellin space.
Combining various pieces, now we can define the Mellin representation for the contribution of
interaction vertices labeled by (kL,kR) to the four point spinning Witten diagram. Substituting (3.11)
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into (3.9), we obtain the following:
W
4pt
∆,J(kL,kR) = (3.20)∑
{nL,nR}
∑
{aij ,bij}
∫ i∞
−i∞
ds dt
(4pii)2
∫ ∞
−∞
dν b
(nL,nR)
J (ν)M(nL,nR)ν,J (s, t; aij , bij)
∏
i 6=j
V˜
aij
ij
aij !
∏
i<j
H˜
bij
ij
bij !
∏
i<j
Γ(δij)
P
δij
ij
,
where we define the spectrum function b(nL,nR)J (ν) and the spinning Mellin amplitudeM(nL,nR)ν,J (s, t; aij , bij)
as:
b
(nL,nR)
J (ν) ≡
pihgΞ1Ξ2Ξ0gΞ3Ξ4Ξ˜0
2
(
4∏
i=1
mi!
Γ(τi)
C∆i,li
)
1
(h−∆)2 + ν2 , (3.21)
M(nL,nR)ν,J (s, t; aij , bij) ≡
2ν2
pi
(
4∏
i=1
Γ(τi)
Γ(γ˜0i)C∆i,li
)
(3.22)
×b(kL,nL)b(kR,nR)Γ(δˆ12)Γ(δˆ34)
Γ(δ12)Γ(δ34)
P˜
(nL,nR)
ν,J (δij , aij , bij) .
We can view the Mellin representation of the spinning four point function (3.20) as combining the con-
tinuous integral and discrete transformations, where we have rewritten the factorials aij ! and bij ! into
Γ-functions to make them on parallel footing with the continuous Mellin variables δij . These variables
need to satisfy the constraints (3.12) and (3.18), the last three products of Gamma functions in (3.20)
form universal transformation kernel for given external twists {τ˜i} and spins {li}. All the information
about specific choice of interaction vertices encoded in the dynamical factors b(kL,nL)b(kR,nR),
we can for example use the explicit expressions for these factors given in [19] and [20] to compute
the complete spinning Mellin amplitude (3.22).
Here we would like to argue that using the identification of Mellin momenta (3.14) and (3.15), the
spinning Mellin amplitude (3.22) itself again does not contain any singularities corresponding to the
double trace operators as in the scalar case. As discussed earlier, the dynamical pre-factors of the three
point spinning Witten diagram b(kL,nL) and b(kR,nR) include poles in the ν-plane corresponding
to the double trace operators. Upon collision with the poles in Γ(δˆ12)Γ(δˆ34) = Γ
(
h±iν−J−t
2
)
, they
yield the poles in t-plane corresponding to the double trace operators. However these t-plane poles
are canceled by the zeroes from Γ(δ12)Γ(δ34) = Γ
(
τ˜1+τ˜2−t
2
)
Γ
(
τ˜3+τ˜4−t
2
)
in the denominator. More
explicitly, for example using the results in [20], the the relevant singularities are contained in the
dynamical pre-factors b(kL,nL) through Γ-function of the form:
Γ
(
τ˜1 + τ˜2 − (h+ iν − J)
2
+N
)
, (3.23)
whereN is some non-negative constant. Comparing with the corresponding Γ-function for the deriva-
tion of scalar Mellin amplitude Γ
(
∆1+∆2−(h+iν−J)
2
)
, the additional integer shift here is caused by
the additional derivatives and index contractions in the interaction vertices. The poles in the ν-plane
are at h+ iν = τ˜1 + τ˜2 + J + 2N + 2m, and m is also a non-negative integer. When colliding with
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the poles in Γ(δˆ12), they yield the poles in the t plane at t = τ˜1 + τ˜2 + 2N + 2m. These poles in the t
plane are canceled with zeros which come from the Γ-function in the denominator in (3.22) Γ(δ12) at
t = τ˜1 + τ˜2 +2m
′, wherem′ = 0, 1, 2, 3, . . . includes all non-negative integers. On the other hand, as
similar as the scalar case, when we consider geodesic diagrams, the coefficients do not contain such
Γ-functions including the double trace poles as in (3.23). According to this fact, spinning geodesic
diagrams contain only the single trace exchange, and this is consistent with the fact that a geodesic
diagram is proportional to a conformal partial wave, which is associated with the exchange of single
type of primary operators. For details about spinning geodesic Witten diagrams, please see [32], [41]
and [42] and [43].
Finally as the scalar case in (2.13), the spinning Mellin amplitude (3.22) again has Laurent expan-
sion in t-channel, which arises from the same mechanism of the collision of the poles in ν integration
ν = ±i(∆−h) and poles in the t integration of the gamma functions Γ(δˆ12) and Γ(δˆ34). The spinning
Mellin amplitude has the following expansion:
∫ ∞
−∞
dν b
(nL,nR)
J (ν)M(nL,nR)ν,J (s, t; aij , bij) =
∞∑
m=0
Q
(nL,nR)
J,m (s)
t− (∆− J + 2m) + regular , (3.24)
Q
(nL,nR)
J,m (s) = pi
hgΞ1Ξ2Ξ0gΞ3Ξ4Ξ˜0
(
4∏
i=1
mi!
Γ (γ0i)
)
Γ(h−∆−m)
Γ
(
τ˜1+τ˜2−∆+J
2 −m
)
Γ
(
τ˜3+τ˜4−∆+J
2 −m
)
×
[
b(kL,nL)b(kR,nR)P˜
(nL,nR)
ν,J (δij , aij , bij)
]
ν=i(h−∆)
t=∆−J+2m
. (3.25)
As expected, these t-channel poles again correspond to the exchange of symmetric traceless primary
operator with twist τ˜ = ∆− J and its infinite descendants.
3.3 Simple Examples
In the previous section, we have seen the general expression of the conformal integral with spinning
fields. The general expression is somewhat complicated, in this section we will consider some simple
examples of Mellin representations for specific conformal integrals.
Example-1: nL = nR = 0
The first example is the conformal integral of two three point functions which contain only Vi,jk and
Pij .
I(0,0)ν,J (Pi, Zi) =
1
J ! (h− 1)J
∫
∂
dP0
∆1 ∆2 h+ iνl1 l2 J
0 0 0
 ·
∆3 ∆4 h− iνl3 l4 J
0 0 0
 . (3.26)
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In this case, it is easier to perform the integration, and we obtain the following expression:
I(0,0)ν,J (Pi, Zi) = pih
(
4∏
i=1
li!
Γ(γ˜0i)
) ∑
aij ,bij
∫ i∞
−i∞
dδ12dδ13
(2pii)2
(3.27)
×P˜ (0,0)ν.J (δij , aij , bij)
Γ(δˆ12)Γ(δˆ34)
Γ(δ12)Γ(δ34)
∏
i 6=j
V˜
aij
ij
aij !
∏
i<j
H˜
bij
ij
bij !
Γ(δij)P
−δij
ij .
Now γ˜ij are the same as (B.2) for mi = li, m±0 = J and nij = 0 . δˆ12 and δˆ34 are
δˆ12 = δ12 − γ˜12 , δˆ34 = δ34 − γ˜34 . (3.28)
Here the generalized Mack polynomial P˜ (0,0)ν.J (δij , aij , bij) is given as:
P˜
(0,0)
ν.J (δij , aij , bij) =
1
(−2)
∑4
i=1 li
[J/2]∑
r=0
(−1)r J !(J + h− 1)−r
r! 2J
(δˆ12)r+b12(δˆ34)r+b34 (3.29)
×
∑
∑
kij=J−2r
(−1)k24+k13
∏
(ij)
(δij)kij+dij
kij !
4∏
i=1
(
γ˜0i − J + r +
∑
j
kji
)
J−r−∑j kji .
This polynomial has almost the same form as the scalar case (2.42), except for some additional
Pochhammer symbols and the over all factors. The definition of dij is the same as in (B.30).
Example-2: nL = nR = n(J) = (J, 0, 0)
Next we consider the case with nL = nR = n(J) = (J, 0, 0) :
I(n(J),n(J))ν,J (Pi, Zi) ≡
1
J ! (h− 1)J
∫
∂
dP0
∆1 ∆2 h+ iνl1 l2 J
J 0 0
 ·
∆3 ∆4 h− iνl3 l4 J
J 0 0
 . (3.30)
Here we suppose that l2 ≥ J and l4 ≥ J to keep mi non-negative integers. The differential operator
DZ0 and the polarization vectorZ0 are contained only inH02 andH04 respectively, and the contraction
betweenDZ0 and Z0 are evaluated only throughH02 andH04 instead of V012 and V0,34 as in the scalar
case (2.33). Now we have to evaluate the following combination:
1
J !(h− 1)J (2P0 · C2 · DZ0)
J (2P0 · C4 · Z0)J . (3.31)
This type of combination gives the Gegenbauer polynomial in general as in (2.33). In this case, how-
ever, because (−4P0 ·Ci ·Ci ·P0) = 0, the terms of the polynomial are reduced, and the combination
is equivalent to (−4P0 · C2 · C4 · P0)J . After the similar calculation, we can obtain the following
generalized Mack polynomial:
P˜
(n(J),n(J))
ν.J (δij , aij , bij) =
J !
2J
∑
∑
k=J
(−1)k24+k2¯4¯ 1
(−2)
∑
i li−2J
(3.32)
×(m2 + 1)κ¯2(m4 + 1)κ¯4(γ˜02 − κ2)κ2(γ˜04 − κ4)κ4(δˆ12)b12(δˆ34)b34
×(δ13)d13(δ14)d14(δ23)d23
(δ24)d24+k24
k24!
(a24 − k2¯4 + 1)k2¯4
k2¯4!
(a42 − k4¯2 + 1)k4¯2
k4¯2!
(b24 − k2¯4¯ + 1)k2¯4¯
k2¯4¯!
.
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Note that there is no r-summation because of the reduction of the Gegenbauer polynomial, and we
have only the summation in k. In this example, only β{2¯24¯4}(= J) is non-zero, and these kαβ in
(3.32) correspond to k{2¯24¯4}αβ in the general case. κi and κ¯i are given as
κ2 = J − k24 − k24¯ , κ4 = J − k24 − k2¯4 ,
κ¯2 = J − k2¯4 − k2¯4¯ , κ¯4 = J − k24¯ − k2¯4¯ , (3.33)
and the others are zero. The definition of dij is the same as before.
Here we end with a couple of short comments about the possible future directions. In this paper we
considered only the Mellin representation of the spinning four point functions, it would be interesting
to also consider the higher point functions involving symmetric traceless tensor fields. Although it is
still difficult to obtain the explicit form, we can count the number of independent variables through
the generalized Symanzik formula which is useful even for n-point functions. Counting the number of
discrete Mellin variables arising in this general case, there are altogether 3n(n−1)2 of {aij , bij}17, how-
ever among them there are also n constraints, the numbers of independent discrete Mellin variables is
n(3n−5)
2 . Again, this number matches with the counting of flat space independent elements of tensor
structures. It would also be interesting to generalize our analysis to more general representations,
while here we consider only symmetric traceless operators. There are already some works related to
such a direction [18, 35, 37].
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Appendix
A Symanzik Star-Formulae
In this section, we summarize the Symanzik star-formula [45] and its generalization to the spin-
ning case, these are used to derive the corresponding Mellin amplitudes from the boundary or bulk
integration.
17 Here we assumed that n < d, where d is the number of the Euclidean spacetime dimensions.
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A.1 Normal Symanzik Star-Formula
Here we give a short review of some useful integration formulae using the Schwinger parametriza-
tion to calculate the boundary and bulk integrals. Firstly we consider the following n-point boundary
integration, after using Schwinger parametrization and performing the P0 integration, it is evaluated
as (For the detail, please see [2]):∫
∂
dP0
n∏
i=1
1
(−2Pi · P0)δi = 2pi
h
(
n∏
i=1
1
Γ(δi)
∫ ∞
0
dti
ti
tδii
)
e−
∑
i<j titjPij . (A.1)
Here we have assumed that
∑n
i=1 δi = d in this boundary integral. Similarly, for the bulk integration,
we can obtain:∫
AdS
dX
n∏
i=1
1
(−2Pi ·X)δi = pi
hΓ
(∑n
i=1 δi − d
2
)( n∏
i=1
1
Γ(δi)
∫ ∞
0
dti
ti
tδii
)
e−
∑
i<j titjPij , (A.2)
notice we do not impose the condition
∑n
i=1 δi = d in the bulk integration despite the notation. Next
we consider the remaining integration of the Schwinger parameters {ti}. Changing the integration
variables appropriately and using the following formula:
e−titjPij =
∫ i∞
−i∞
dδij
2pii
Γ(δij)(titjPij)
−δij , (A.3)
we can rewrite the integration, using the Mellin coordinates {δij}:(
n∏
i=1
∫ ∞
0
dti
ti
tδii
)
e−
∑
i<j titjPij =
1
2
∫ i∞
−i∞
[dδ]n(n−3)
2
∏
i<j
Γ(δij)P
−δij
ij , (A.4)
where the integration measure is defined as:
[dδ]n(n−3)
2
=
∏
[ij] dδij
(2pii)
n(n−3)
2
, (A.5)
and [ij] label the n(n−3)2 combinations of i and j. Note here the number of the independent {δij} is
n(n−3)
2 due to the following relation: ∑
j(6=i)
δij = δi . (A.6)
As a summary, the boundary and bulk integration have the following Mellin representation:∫
∂
dP0
n∏
i=1
1
(−2Pi · P0)δi = pi
h
(
n∏
i=1
1
Γ(δi)
)∫ i∞
−i∞
[dδ]n(n−3)
2
∏
i<j
Γ(δij)P
−δij
ij , (A.7)
∫
AdS
dX
n∏
i=1
1
(−2Pi ·X)δi =
pih
2
Γ
(∑n
i=1 δi − d
2
)( n∏
i=1
1
Γ(δi)
)∫ i∞
−i∞
[dδ]n(n−3)
2
∏
i<j
Γ(δij)P
−δij
ij .
(A.8)
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A.2 Generalized Symanzik Star-Formula
Here we will generalize the Symanzik star-formula [45] discussed in the previous section to facil-
itate the computation of spinning Mellin amplitudes18. Firstly, we consider the following boundary
integration including light-like vectors Yi satisfying Yi · Yi = Pi · Yi = 0:∫
∂
dP0
n∏
i=1
(Yi · P0)ξi
(−2Pi · P0)δi , (A.9)
where ξi are positive integers and we assume
∑n
i=1(δi − ξi) = d . To calculate this integral, we use
the Schwinger parametrization for each (Pi0)−δi , and for (Yi · P0)ξi we use the following relation:
(Yi ·X)ξi = ξi!
∮
dζi
2pii ζi
ζ−ξii e
ζiYi·X , (A.10)
where the contour of integral is a small circle around the origin. After performing P0 integral, we
obtain: ∫
∂
dP0
n∏
i=1
(Yi · P0)ξi
(−2Pi · P0)δi = 2pi
h
(
n∏
i=1
ξi!
Γ(δi)
∫ ∞
0
dti
ti
∮
dζi
2pii ζi
tδii ζ
−ξi
i
)
e−|Q|
2
, (A.11)
where the combined vector QA is given by
QA ≡
n∑
i=1
ti P
A
i +
1
2
n∑
i=1
ζi Y
A
i . (A.12)
Next we consider the bulk integration whose integrand is the same as (A.9) except withXA exchanged
with PA0 : ∫
AdS
dX
n∏
i=1
(Yi ·X)ξi
(−2Pi ·X)δi . (A.13)
Using the Schwinger parametrization and (A.10), the X integration is evaluated as:∫
AdS
dX
n∏
i=1
(Yi ·X)ξi
(−2Pi ·X)δi = pi
hΓ
(∑n
i=1(δi − ξi)− d
2
)( n∏
i=1
ξi!
Γ(δi)
∫ ∞
0
dti
ti
∮
dζi
2pii ζi
tδii ζ
−ξi
i
)
e−|Q|
2
.
(A.14)
where the vector QA is the same as (A.12) .
Similar to the previous section, the integration over the Schwinger parameters in (A.11) and (A.14)
can be rewritten by using the Mellin integration:
I˜(Pi, Yi) =
(
n∏
i=1
∫ ∞
0
dti
ti
∮
dζi
2pii ζi
tδii ζ
−ξi
i
)
e−
∑
i<j(titjPij− 12 ζiζj(Yi·Yj))+
∑
i 6=j tiζj(Yi·Pj) . (A.15)
18 This type of generalization was also considered in [21] or [12].
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For the product (Yi · Yj) and (Yi · Pj), we insert the expansion of exponential function:
etiζj(Yi·Pj) =
∞∑
aij=0
1
aij !
(ti ζj)
aij (Yi · Pj)aij ,
e
1
2
ζiζj(Yi·Yj) =
∞∑
bij=0
1
bij !
(ζi ζj)
bij
(
1
2
Yi · Yj
)bij
. (A.16)
Notice that {bij} are symmetric: bij = bji, but {aij} is not. Then I˜ becomes:
I˜(Pi, Yi) =
∞∑
aij=0
∞∑
bij=0
(
n∏
i=1
∫ ∞
0
dti
ti
∮
dζi
2pii ζi
t
δi+
∑
j(6=i) aij
i ζ
−ξi+
∑
j(6=i)(bij+aji)
i
)
∏
i 6=j
(Yi · Pj)aij
aij !
∏
i<j
(
1
2Yi · Yj
)bij
bij !
e−
∑
i<j titjPij . (A.17)
Now ξi integral is easily evaluated and this integral is zero unless∑
j(6=i)
(bij + aij) = ξi. (A.18)
Due to this constraint, the summation over aij and bij is restricted into a finite region. For the ti
integral, we can use the Symanzik star-formula (A.4), and the integral becomes:
I˜(Pi, Yi) = 1
2
∑
aij ,bij
∫ i∞
−i∞
[dδ]n(n−3)
2
∏
i 6=j
(Yi · Pj)aij
aij !
∏
i<j
(
1
2Yi · Yj
)bij
bij !
Γ(δij)P
−δij
ij , (A.19)
where the Mellin variables δij , aij and bij satisfy the following constraints:∑
j(6=i)
(δij − aji) = δi ,
∑
j( 6=i)
(bij + aij) = ξi . (A.20)
Note that the first condition ensures that the total power of Pi is −δi and the second ensures that the
total power of Yi is integer ξi .
B The Details of Calculation
B.1 Conformal Integral for spinning cases
Here we will see the details of the calculation of general conformal integral in (3.10). Using the
definition of the box tensor basis and the vectors {v¯i}, we can rewrite the kinematical integral as:
I(nL,nR)ν,J (Pi, Zi) =
Hn1212 H
n34
34
P γ˜1212 P
γ˜34
34
∫
dP0
(
4∏
i=1
(v¯i · P0)mi
P γ˜0i0i
)
V(mL,mR) . (B.1)
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Now γ˜ij are shifted dimensions as below:
γ˜12 =
τ1 + τ2 − τ+0
2
+m+0 −m1 −m2 , γ˜34 =
τ3 + τ4 − τ−0
2
+m−0 −m3 −m4 ,
γ˜01 =
τ1 + τ
+
0 − τ2
2
+m2 , γ˜02 =
τ2 + τ
+
0 − τ1
2
+m1 ,
γ˜03 =
τ3 + τ
−
0 − τ4
2
+m4 , γ˜04 =
τ4 + τ
−
0 − τ3
2
+m3 , (B.2)
where τi = ∆i + li , τ±0 = h ± iν + J . The vectors {v¯i} are combinations of a polarization vector
and coordinates which are defined in (3.17). V(mL,mR) is introduced as the contraction part:
V(mL,mR) ≡ 1
J ! (h− 1)J (2P0 · P12 · DZ0)
m+0 (2P0 · C1 · DZ)n01(2P0 · C2 · DZ)n20
×(2P0 · P34 · Z0)m
−
0 (2P0 · C3 · Z0)n03(2P0 · C4 · Z0)n40 , (B.3)
where mL = (m+0 , n01, n02) and mR = (m
−
0 , n03, n04) . To calculate the contraction between DZ0
and Z0, we introduce the two following rank-two anti-symmetric tensors:
WAB12 (tL) ≡ (t+0 P12 + t1C1 + t2C2)AB, WAB34 (tR) ≡ (t−0 P34 + t3C3 + t4C4)AB , (B.4)
where two sets of triplets of real parameters tL = (t+0 , t1, t2) and tR = (t
−
0 , t3, t4). UsingW12 and
W34, we can rewrite V(mL,mR) as:
V(mL,mR) = 1
J ! (h− 1)J ∂tL,tR(2P0 · W12 · DZ)
J(2P0 · W34 · Z0)J . (B.5)
Here the t-differential operator ∂tL,tR is defined as:
∂tL,tR(...) ≡
1
(J !)2
∂
m+0
t+0
∂n01t1 ∂
n02
t2
∂
m−0
t−0
∂n03t3 ∂
n04
t4
(...)|tL=0,tR=0 . (B.6)
Now we can easily evaluate the contraction betweenDZ0 and Z0 and it gives Gegenbauer polynomial:
V(mL,mR)
= ∂tL,tR
∑˜
r
(−4P0 · W12 · W34 · P0)J−2r(−4P0 · W12 · W12 · P0)r(−4P0 · W34 · W34 · P0)r
=
∑˜
r
∑
β{A,L,R}
m+0 !n01!n02!m
−
0 !n03!n04!
(J !)2
(J − 2r)!∏
{A} β{A}!
V(1234) r!∏
{L} β{L}!
V(1212) r!∏
{R} β{R}!
V(3434) ,
(B.7)
The summation
∑˜
r is the same as defined in (2.34). In the second line, we expanded the factors
(−4P0 · W12 · W34 · P0), (−4P0 · W12 · W12 · P0) and (−4P0 · W34 · W34 · P0)19, and applied the
19We will label the powers of the various terms obtained from the polynomial expansion by the indices β{...}. see (B.8)
and (B.9).
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differential operator ∂tL,tR . Here the factors {V(....)} are given as:
V(1234) = (−4P0 · P12 · P34 · P0)β{1234}(−4P0 · C1 · P34 · P0)β{11¯34}(−4P0 · C2 · P34 · P0)β{2¯234}
× (−4P0 · P12 · C3 · P0)β{1233¯}(−4P0 · P12 · C4 · P0)β{124¯4}(−4P0 · C1 · C3 · P0)β{11¯33¯}
× (−4P0 · C2 · C3 · P0)β{2¯233¯}(−4P0 · C1 · C4 · P0)β{11¯4¯4}(−4P0 · C2 · C4 · P0)β{2¯24¯4} ,
V(1212) = (−4P0 · P12 · P12 · P0)β{1212}(−8P0 · P12 · C1 · P0)β{1211¯}
× (−8P0 · P12 · C2 · P0)β{122¯2}(−8P0 · C1 · C2 · P0)β{11¯2¯2} ,
V(3434) = (−4P0 · P34 · P34 · P0)β{3434}(−8P0 · P34 · C3 · P0)β{3433¯}
× (−8P0 · P34 · C4 · P0)β{344¯4}(−8P0 · C3 · C4 · P0)β{33¯4¯4} . (B.8)
In (B.7), we have used the abridged notations:
{A} =
{
{1234}, {11¯34}, {2¯234}, {1233¯}, {124¯4}, {11¯33¯}, {2¯234}, {11¯4¯4}, {2¯24¯4}
}
,
{L} =
{
{1212}, {1211¯}, {122¯2}, {11¯2¯2}
}
,
{R} =
{
{3434}, {3433¯}, {344¯4}, {33¯4¯4}
}
. (B.9)
to denote the sets of indices arising from the expansions of V(1234), V(1212) and V(3434) respectively.
Notice that we have used combined indices ij to associate with the anti-symmetric tensor Pij , how-
ever the ordered combined indices i¯i and i¯i indicate that we can obtain Ci from Pij or from Pji by
replacing Pj with v¯i. Note that seventeen possible non-negative integers β{...} need to satisfy the
following nine constraints and the summations of β{...} in the last line of (B.7) are taken within the
values where the constraints are satisfied20:∑
{..12..}∈{A}
β{A} +
∑
{..12..}∈{L}
β{L} = m+0 ,
∑
{..11¯..}∈{A}
β{A} +
∑
{..11¯..}∈{L}
β{L} = n01 ,
∑
{..2¯2..}∈{A}
β{A} +
∑
{..2¯2..}∈{L}
β{L} = n02 ,
∑
{..34..}∈{A}
β{A} +
∑
{..34..}∈{R}
β{R} = m−0 ,∑
{..33¯..}∈{A}
β{A} +
∑
{..33¯..}∈{R}
β{R} = n03 ,
∑
{..4¯4..}∈{A}
β{A} +
∑
{..4¯4..}∈{R}
β{R} = n04 ,
∑
{A}
β{A} = J − 2r ,
∑
{L}
β{L} = r ,
∑
{R}
β{R} = r . (B.11)
The first six constraints come from the differentiations with respect to parameters tL and tR , and the
last three constraints come from the expansion of polynomials. Next we have to expand each factor
20 For example, the first constraint is written explicitly as follows:
β{1234} + β{1233¯} + β{124¯4} + 2β{1212} + β{1211¯} + β{122¯2} = m+0 . (B.10)
Note here that there is factor 2 in front of β{1212} because it contains two set of 12 , and β{11¯2¯2} is not included in the
second summation because it does not contain P12 .
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in (B.8) . For example, one of the factors, (−4P0 · P12 · P34 · P0) , is expanded as:
(−4P0 · P12 · P34 · P0)β{1234}
=
(1
2
(P14P02P03 − P13P02P04 − P24P01P03 + P23P01P04)
)β{1234}
=
β{1234}!
2β
{1234}
∑
∑
k
{1234}
ij =β
{1234}
(−1)k
{1234}
(1)(3)
+k
{1234}
(2)(4)
∏
(ij)
P
k
{1234}
ij
ij
k
{1234}
ij !
∏
i
P
β{1234}−∑j k{1234}ij
0i . (B.12)
Here we introduce new four integers k{1234}ij labeling the partition of β
{1234} . The indices of (1)(3)
in the third line means the first and third indexes in the bracket are substituted, for example, k{ijkl}(1)(3) =
k
{ijkl}
ik , and (ij) runs over only (13), (14), (23) and (24) .
The expansions of the other factors can be obtained by replacing Pi with v¯i appropriately according
to the bracket index. For example, the expansion of (−4P0 · P12 · C3 · P0) is obtained by replacing
P4 with v¯3:
(−4P0 · P12 · C3 · P0)β{1233¯}
=
(1
2
((−2v¯3 · P1)P02P03 − P13P02(−2v¯3 · P0)− (−2v¯3 · P2)P01P03 + P23P01(−2v¯3 · P0))
)β{1233¯}
=
β{1233¯}!
2β
{1233¯}
∑
∑
k
{1233¯}
αβ =β
{1233¯}
(−1)k
{1233¯}
(1)(3)
+k
{1233¯}
(2)(4)
∏
(¯ij)∈{1233¯}
(−2v¯i · Pj)k
{1233¯}
i¯j
k
{1233¯}
i¯j
!
×
∏
(ij)∈{1233¯}
P
k
{1233¯}
ij
ij
k
{1233¯}
ij !
∏
i∈{1233¯}
P
β{1233¯}−∑α k{1233¯}iα
0i
∏
i¯∈{1233¯}
(−2v¯i · P0)β{1233¯}−
∑
α k
{1233¯}
i¯α . (B.13)
Similarly as in the previous example, we introduced four non-negative integers k{1233¯}αβ to denote the
four-folds partition of β{1233¯}. The indices α and β can be i and i¯ which take values in {1233¯}, such
that in this case i = 1, 2, 3 in the third product and i¯ = 3¯ in the fourth product in the summation.
And following these assignments, we have k{1233¯}
13¯
and k{1233¯}
23¯
from the first product and k{1233¯}13
and k{1233¯}23 from the second product in the summation. Comparing this case with (B.12), index 4 is
replaced with 3¯ because this polynomial expansion is obtained by replacing P4 with v¯3.
The next example is the expansion of the factor such as (−8P0 ·C1 ·C2 ·P0)β{11¯2¯2} in the expansion
of V(1212):
(−8P0 · C1 · C2 · P0)β{11¯2¯2} = (P12(−2v¯1 · P0)(−2v¯2 · P0) + (−2v¯1 · v¯2)P01P02)β
{11¯2¯2}
(B.14)
=
∑
k{11¯2¯2}+k¯{11¯2¯2}=β{11¯2¯2}
β{11¯2¯2}!
k{11¯2¯2}!k¯{11¯2¯2}!
P k
{11¯2¯2}
12 (−2v¯1 · v¯2)k¯
{11¯2¯2}
×P k¯{11¯2¯2}01 P k¯
{11¯2¯2}
02 (−2v¯1 · P0)k
{11¯2¯2}
(−2v¯2 · P0)k{11¯2¯2} .
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For the binomial expansion of this factor, we introduced two non-negative k{11¯2¯2} and k¯{11¯2¯2}. Sim-
ilarly, we introduced k{33¯4¯4} and k¯{33¯4¯4} for the the expansion of β{33¯4¯4}. The other factors which
comes from {R} or {L} combine into a single factor. After expanding all the factors and collecting
various terms, we obtain:
V(mL,mR) =
∑˜
r,β,k
∏
(ij)
P
∑
{A} k
{A}
ij
ij∏
{A} k
{A}
ij !
∏
(¯ij)
(−2v¯i · Pj)
∑
{A} k
{A}
i¯j∏
{A} k
{A}
i¯j
!
∏
(¯ij¯)
(−2v¯i · v¯j)
∑
{A} k
{A}
i¯j¯∏
{A} k
{A}
i¯j¯
!
(B.15)
×
∏
i
P κi0i (−2v¯i · P0)κ¯i¯P r−k¯
{11¯2¯2}
12 P
r−k¯{33¯4¯4}
34 (−2v¯1 · v¯2)k¯
{11¯2¯2}
(−2v¯3 · v¯4)k¯{33¯4¯4}
Here κi and κ¯i¯ are defined as:
κi =
∑
{A}(3i)
(β{A} −
∑
α∈{A}
k
{A}
iα ) +
∑
{B}(3(ii))
β{B} +
∑
{B}(3i)
k¯{B} ,
κ¯i¯ =
∑
{A}(3i¯)
(β{A} −
∑
α∈{A}
k
{A}
i¯α
) +
∑
{B}(3(ii¯i))
β{B} +
∑
{B}(3i)
k{B} . (B.16)
Note that {B} = {L} ∪ {R} , and α runs over i and i¯. The summation ∑˜ is given by:
∑˜
r,β,k
=
∑˜
r
∑
β{A},β{L},β{R}
m+0 !n01!n02!m
−
0 !n03!n04!
(J !)2
(J − 2r)!
2J−2r
r!∏
{L} β{L}!
r!∏
{R} β{R}!
(B.17)
×
∑
∑
(αβ) k
{A}
(αβ)
=β{A}
∑
k{11¯2¯2},k{33¯4¯4}
(−1)
∑
{A} k
{A}
(1)(3)
+k
{A}
(2)(4)
β{11¯2¯2}!
k{11¯2¯2}!k¯{11¯2¯2}!
β{33¯4¯4}!
k{33¯4¯4}!k¯{33¯4¯4}!
.
By substituting (B.15) into (B.1) and using the generalized Symanzik star-formula, the integration
(B.1) can be expressed into the Mellin representation as:
I(nL,nR)ν,J (Pi, Zi) = pih
(
4∏
i=1
mi!
Γ(γ˜0i)
)∑
{a,b}
∫ i∞
−i∞
dδ˜12dδ˜13
(2pii)2
P˜
(0)(nL,nR)
ν,J (δ˜ij , aij , bij)
× 1
Γ(δ˜12)Γ(δ˜34)
∏
i 6=j
(−2v¯i · Pj)aij
aij !
∏
i<j
(−2v¯i · v¯j)bij
bij !
Γ(δ˜ij)P
−δ˜ij
ij (B.18)
Now the Mellin variables {δ˜ij , aij , bij} satisfy the conditions;∑
j(6=i)
(bij + aij) = li ,
∑
j( 6=i)
(δ˜ij − aji) = ∆i , (B.19)
where aij 6= aji and bij = bji are non-negative integers. The range of summation of aij and bij
restricted by the first constraint, and the second constraint of δ˜ij is shifted from the scalar case (2.8)
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by aij and bij . Here P˜
(0)(nL,nR)
ν;J is
P˜
(0)(nL,nR)
ν,J (δ˜ij , aij , bij) ≡
∑˜
r,β,k
1
(−2)
∑
imi+n12+n34
∏
i
(γ˜0i − κi)κi(mi + 1)κ¯i¯
×Γ(δ¯12)Γ(δ¯34) b12!
(b12 − n12 − k¯{11¯2¯2})!
b34!
(b34 − n34 − k¯{33¯4¯4})!
×
∏
(ij)
(δ˜ij)∑
{A} k
{A}
ij∏
{A} k
{A}
ij !
∏
(¯ij)
(aij −
∑
{A} k
{A}
i¯j
+ 1)∑
{A} k
{A}
i¯j∏
{A} k
{A}
i¯j
!
∏
(¯ij¯)
(bij −
∑
{A} k
{A}
i¯j¯
+ 1)∑
{A} k
{A}
i¯j¯∏
{A} k
{A}
i¯j¯
!
,
(B.20)
Notice that δ˜ij depend on the integers aij and bij due to the condition (B.19). We have also defined
δ¯12 and δ¯34 as:
δ¯12 ≡ δ˜12 − γ˜12 + n12 + r − k¯{11¯2¯2} , (B.21)
δ¯34 ≡ δ˜34 − γ˜34 + n34 + r − k¯{33¯4¯4} . (B.22)
In the Mellin representation, the combinations of Pi and v¯i give the elements of tensor structures
v¯1 · P3 = P23
P12
V1,23 , v¯1 · P4 = P24
P12
V1,24 , v¯2 · P3 = −P13
P12
V2,13 , v¯2 · P4 = −P14
P12
V2,14 ,
v¯3 · P1 = P14
P34
V3,41 , v¯3 · P2 = P24
P34
V3,42 , v¯4 · P1 = −P13
P34
V4,31 , v¯4 · P2 = −P23
P34
V4,32 .
(B.23)
These are proportional to Vi,jk and the products of v¯i relate to Hij and Vi,jk
v¯1 · v¯2 = H12
P12
, v¯1 · v¯3 = −P12P34H13 + 2P14P23V1,23V3,41
P12P34P13
, (B.24)
v¯3 · v¯4 = H34
P34
, v¯1 · v¯4 = P12P34H14 − 2P13P24V1,24V4,31
P12P34P14
,
v¯2 · v¯3 = P12P34H23 − 2P13P24V2,13V3,42
P12P34P23
, v¯2 · v¯4 = −P12P34H24 + 2P14P23V2,14V4,32
P12P34P24
.
Now Pi · v¯j and v¯i · v¯j become the elements of tensor structure for the four point case instead of Vi,jk
and Hij . Next we rescale the tensor structures as:
(−2v¯i · v¯j)→ H˜ij ≡
(−2v¯i · v¯j
Pij
)
, (−2v¯i · Pj)→ V˜ij ≡
(−2v¯i · Pj
Pij
)
. (B.25)
Here we defined new tensor structures H˜ij and V˜ij . After this rescaling, δ˜ij are shifted as δ˜ij → δij ,
and (B.18) becomes (3.11), and the constraint for δij are changed as in (3.12). Now δ¯12 and δ¯34 are:
δ¯12 = δ12 − γ˜12 + n12 + r − k¯{11¯2¯2} + b12
= δ12 − τ˜1 + τ˜2 − τ˜
+
0
2
+ d12 , (B.26)
δ¯34 = δ34 − γ˜34 + n34 + r − k¯{33¯4¯4} + b34
= δ12 − τ˜3 + τ˜4 − τ˜
−
0
2
+ d34 . (B.27)
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where d12 and d34 are defined as:
d12 = r + b12 − n12 − k¯{11¯2¯2}, d34 = r + b34 − n34 − k¯{33¯4¯4}. (B.28)
Note that d12 and d34 are non-negative integers because due to the factor in the Mack polynomial
1
(b12−n12−k¯{11¯2¯2})! =
1
Γ(b12−n12−k¯{11¯2¯2}+1) , if b12 − n12 − k¯
{11¯2¯2} < 0 , this factor becomes zero.
Therefore only b12 which is greater than n12 + k¯{11¯2¯2} can contribute, and for the same reason, we
can regard d34 as a non-negative integer. Now we can decompose the gamma functions Γ(δ¯12) and
Γ(δ¯34) as:
Γ(δ¯12) = Γ(δˆ12)(δˆ12)d12 , Γ(δ¯34) = Γ(δˆ34)(δˆ34)d34 , (B.29)
where δˆ12 and δˆ34 are defined in (3.14). The other δ˜ij are also shifted as
δ˜ij → δij = δ˜ij − dij , dij ≡ aij + aji + bij . ( ij ∈ (ij) ) (B.30)
Substituting this decomposition into (B.18), we obtain the Mellin representation (3.11).
C A Useful Identity for Proving the Equivalence of Mack Polynomials in [23] and [5]
In [23], the authors use a different notation of the Mack polynomial by the factor
∏4
i=1(αi)ni ,
where
αi ≡ 1− γ0i , ni ≡ J − r −
∑
j
kij . (C.1)
We can show the equivalence, using Eular’s reflection identity Γ(z)Γ(1 − z) = pi/ sinpiz . The last
factors in (2.42) are rewritten as the following way:
(γ0i − ni)ni =
Γ(γ0i)
Γ(γ0i − ni) =
sinpi(γ0i − ni)
sinpi(γ0i)
Γ(1− γ0i + ni)
Γ(1− γ0i) = (−1)
ni(αi)ni . (C.2)
Now we obtain the alternative expression for the Mack polynomial, replacing the factors:
4∏
i=1
(γ0i − ni)ni =
4∏
i=1
(−1)ni(αi)ni =
4∏
i=1
(αi)ni , (C.3)
where we used (−1)
∑4
i=1 ni = (−1)2J = 1 .
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